Starting from a total Lagrangian describing an oscillator-bath system, a novel derivation of exact quantum propagator is presented. Having the quantum propagator, the exact density matrix, reduced density matrix of the main oscillator and thermal equilibrium fixed point are obtained. The problem is generalised to the cases where the main oscillator is under the influence of a classical external force. By introducing generalised auxiliary classical fields, the generalised quantum propagator or generating functional of position correlation functions is obtained.
I. INTRODUCTION
The quantum propagator is the most important function in quantum theories [1, 2] . Knowing the quantum propagator, we can obtain all measurable quantities related to the physical system exactly, that is we have a complete physical description of the underline system in any time. Unfortunately, except for some simple physical systems, obtaining the exact form of quantum propagator for is usually a difficult task and we have to invoke perturbative methods. Among different approaches to find quantum propagator we can refer to three main approaches. In the first method, quantum propagator is written as a bilinear function in eigenvectors of the Schrödinger equation. The main task of this method is to find the eigenvectors of the Hamiltonian which are usually difficult to find and even having these eigenvectors, extracting a closed form quantum propagator from their bilinear expansion may be cumbersome. The second approach is based on Feynman path integral technique [3, 4] . One of the most efficient features of this method is its perturbative technique known as Feynman diagrams which extends the applicability of method to the era of non-quadratic Lagrangians. The path integral technique has been applied to oscillator-bath system in [5] [6] [7] [8] [9] [10] [11] . The third approach which we will describe here in detail is based on the position and momentum operators in Heisenberg picture. In this scheme, using elementary quantum mechanical relations two independent partial differential equations are found that quantum propagator satisfy in. The solution of these partial differential equations is easily found and unknown functions are determined from basic properties of quantum propagators. The first message of the present paper is that this method compared to other methods to derive quantum propagator of oscillator-bath systems with linear interaction or generally quadratic Lagrangians, is easier to apply and in particular, comparing with path integral technique, there is no need to introduce more advanced mathematical notions like infinite integrations, operator determinant and Weyl ordering. The second message is that since we will find a closed form for the total quantum propagator, we will find a closed form density matrix describing the combined oscillator-bath system. Also, by tracing out the bath degrees of freedom we find a reduced density matrix describing the main oscillator in any time. Then we generalise the oscillator-bath model by including external classical sources in Hamiltonian, and find the modified quantum propagator under the influence of classical forces. The modified quantum propagator can be interpreted also as a generating functional from which time-ordered correlation functions among different position operators can be determined [12] . Here we have not introduced basic functions describing a heat bath such as susceptibility function or spectral density matrix as is usual in describing an oscillator-bath system. All these data are encoded in a basic time-dependent matrix denoted by F depending on natural frequencies of the bath oscillators and coupling constants. Therefore, from numerical or simulation point of view, the only challenge is finding the inverse of the matrix F .
The efficiency of the third method in determining the exact form of the quantum propagator for quadratic Lagrangians, inspires the idea of developing a perturbative approach to include non-quadratic Lagrangians too. The process presented here to determine the quantum propagator, suggest that these perturbative techniques may be based on perturbative solutions of nonlinear partial differential equations. This development deserves to be investigated in an independent work.
II. LAGRANGIAN
In this section, we set the stage for what will be investigated in the following sections. We start with a total Lagrangian describing an interacting oscillator-bath system. Then from the corresponding Hamiltonian and Heisenberg equations of motion, we find explicit expressions for position and momentum operators as the main ingredients of an approach that will be applied in the next section. The Lagrangian describing a main oscillator interacting linearly with a bath of oscillators is given by [13] 
Eq.(1) can be rewritten in a more compact form as
where the matrix Ω 2 µν is given by
and
The corresponding Hamiltonian is
where P µ =Ẏ µ is the canonical conjugate momentum corresponding to the canonical position Y µ . The system is quantized by imposing the equal-time commutation relations
and from Heisenberg equations of motion one findŝ
Note that (Ŷ 0 ,P 0 ) refer to the position and momentum of the main oscillator and (Ŷ k ,P k ), (k = 1, · · · , N ) refer to position and momentum operators of bath oscillators. Taking the Laplace transform from both sides of Eq. (7) we find
where the N + 1-dimensional matrix Λ is defined by
Therefore, applying the inverse matrix, we find
and a formal solution is obtained by inverse Laplace transform aŝ
where we defined
The matrix Λ is explicitly given by
which can be rewritten as
wherein
The inverse matrix can be formally written as
Therefore, from Eq. (12) we have
The equations Eqs.(17) can be formally written as
From Eqs. (17) we deduce that the matrices F µν (t) andḞ µν (t) are odd and even in t, respectively.
III. QUANTUM PROPAGATOR
In this section a novel scheme to derive the quantum propagator of the combined oscillator-bath system is introduced in detail. Let |y 0 be an eigenket ofŶ 0 and y k an eigenket ofŶ k , then in Heisenberg picture, we can writê
where for notational simplicity the tensor product is abbreviated as
Multiplying Eq.(19) from the left by y ′ | and using Eq.(11), we find
where we have defined the function K as
and made use of the identities
Eq.(21) can be rewritten as
The right hand side of Eq. (24) is linear in y ′ µ , so the following quadratic form can be assumed for ln K
where C µν = C νµ . By inserting Eq.(25) into Eq.(24), we easily find
therefore, in dyadic notation, we can write
The form of A(y, t) can be determined from the properties of propagators. Since the Hamiltonian Eq. (5) is timeindependent, we can write
Eq.(28), is invariant under successive transformations (i) complex conjugation (ii) y ↔ y ′ (iii) t → −t, therefore,
leading to
Note that in Sec.VI, the Hamiltonian will be time-dependent and to find A(y, t) we can not use these transformations and we will follow another approach. Up to now the form of the propagator is as follows
From Eqs.(18) we find the following asymptotic behaviours of Matrices F,
By inserting these asymptotic behaviours into Eq.(31) we find
A πt e
we deduce immediately
so we can assume
where the unknown function λ(t) satisfies
The function K now has the form
To find λ(t) we make use of the following identity
which can be easily checked using the definition of K , Eq.(22). By inserting Eq.(38) and its complex conjugation into Eq.(39) and doing the integral we will find
where θ is a real function that will be determined from a limiting case where the coupling constants are turned off (g 1 = · · · = g N = 0) and also the fact that the propagator should satisfy the Schrödinger equation.
It should be noted that according to the definition Eq.(22), the Feynman propagator has the following relation to the function K K(y, t; y ′ , 0) = y, t|y
therefore, Feynman propagator is given by
Now we set y ′ = 0 and require that K(y, t; 0, 0) satisfy the Schrödinger equation
after spatial differentiations we set y = 0 and by comparing both sides of Eq.(43) we find that θ is a constant. To find the constant θ, we turn off the coupling constants, (g 1 = g 2 = · · · = g N = 0), and from consistency condition we should recover the quantum propagator of N noninteracting oscillators. When the coupling constants are turned off, We have
Inserting Eqs.(44) into Eq.(42) we find
which is the propagator of N noninteracting oscillators if we set θ = 0. Finally, we find the quantum propagator of oscillator-bath system as
IV. DENSITY MATRIX
In this section we will find the density matrix for the oscillator-bath system using the explicit form of the quantum propagator Eq.(46) of the combined system. If we denote the evolution operator byÛ (t) then the density matrix at time t can be obtained from the initial density matrix at t = 0 aŝ
in position representation we have ρ(y, y ′ ; t) = y|ρ(t)|y
We can assume an arbitrary initial state for oscillator-bath system, but for simplicity we assume that the initial state is a product state as
where y 1 = (y 10 , y 1 ) and y 2 = (y 20 , y 2 ). To find the reduced density matrix of the main oscillator, we should take trace over the degrees of freedom of the bath oscillators. After some straightforward calculations we find ρ(y 01 , y 02 ; 0)
where the Fourier transformρ B and the vectors q = (
The time dependent functions (a, b), vectors (C k , B k ) and matrices (A kl , D kl ) are defined by
which can be rewritten more compactly in matrix form as
V. THERMAL EQUILIBRIUM: FIXED POINT
In the equilibrium state, the density matrix of oscillator-bath system can be obtained from the quantum propagator using the correspondence
where β = 1/κ B T is the inverse of temperature and κ B is Boltzmann constant. The function Z(β) is the total partition function
and I is a N -dimensional unit matrix.
The reduced density matrix of the oscillator is obtained by integrating out the bath degrees of freedom as
where
From Eq.(53) we have
by making use of the identity [14] 
Eq.(57) can be rewritten as
From Eq.(61) we find the thermal mean square of position and momentum as
therefore,
for another derivation, see [13] .
VI. MAIN OSCILLATOR INTERACTS WITH AN EXTERNAL FIELD
Now assume that the main oscillator is under the influence of an external classical field f (t). In this case the total Lagrangian is written as
and the corresponding Hamiltonian is
Note that the Hamiltonian is now time-dependent and we can not use Eqs. (28, 29) . In this case, we can find another partial differential equation satisfied by K (y ′ |y, t) as follows. From Heisenberg equations of motion we find
The Green tensor corresponding to Eq.(66) is defined by
By making use of Laplace transform and definitions Eqs.(9,12), we find the retarded Green tensor as
and the position and momentum operators are respectively given bŷ
We can rewrite the identityP
then
By inserting the momentum operator from the second line of Eqs. (69) into Eq.(73), we easily find
By making use of Eqs.(21,33,39,74), and following the same process as we did in Sec.III, we will find
where we have definedŘ asŘ
and the function ζ(t) can be determined from the Schrödinger equation
as
Finally, the quantum propagator for oscillator-bath system under the influence of an external classical force on the main oscillator, is obtained as
A. A generalization: generating function
We can generalize the Lagrangian Eq.(64) as
in this case the quantum propagator is given by Eq.(70) but now the definitions Eqs.(70,76) have to be replaced by the new definitions
The path integral representation of quantum propagator Eq.(79) is [12] 
where L is the Lagrangian Eq.(80). Having the closed form expression Eq.(79), we can find ordered correlation functions among position operators of the oscillator-bath system. In this case, the external source f µ (t) is an auxiliary force that should be set zero at the end of functional derivatives [12] , we have
whereT is a time ordering operator acting on bosonic operators aŝ T (Â(t)B(t ′ ) = Â (t)B(t ′ ), t > t ′ ; B(t ′ )Â(t), t ′ > t.
VII. CONCLUSION
Using elementary quantum mechanical calculations and basic properties of quantum propagators, a novel derivation of exact quantum propagator for the oscillator-bath system was introduced. The method compared to other methods to derive quantum propagator of an oscillator-bath system with linear interaction or generally quadratic Lagrangians, was easier to apply and in particular, compared to path integral approach, there was no need to introduce more advanced mathematical notions like infinite integrations, operator determinant and Weyl ordering. From quantum propagator, a closed form density matrix describing the combined oscillator-bath system was obtained from which reduced density matrix could be derived. The problem was generalised to the case where the main oscillator was under the influence of an external classical source. By introducing auxiliary classical fields the modified quantum propagator or generating functional of position correlation functions was found. The main unknown matrix in this approach was the inverse of the matrix F describing the physical properties of the bath relevant to the main oscillator. These physical properties are susceptibility function or spectral density function in other approaches. Therefore, from numerical or simulation point of view, the only challenge was to find the inverse of the matrix F . The efficiency of the method in determining the exact form of the quantum propagator for quadratic Lagrangians, inspires the idea of developing a perturbative approach to include non-quadratic Lagrangians too.
